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A b s t r a c t  - E l e c t r i c  f i e l d s  o f f e r  a convenient way t o  
manipula te  l i q u i d  s u r f a c e s .  The e l e c t r i c a l  f o r c e s  pro- 
duced a r e  perpendicular  t o  t h e  s u r f a c e  of a conduct ing  
l i q u i d ,  b u t  u n l i k e  p r e s s u r e ,  a c t  only on t h e  s u r f a c e  
i t s e l f .  The opposing f o r c e  is s u r f a c e  t e n s i o n .  S e l f -  
c o n s i s t e n t  s o l u t i o n s  f o r  t h e  shapes  of axisymmetric 
menisci  i n  e l e c t r i c  f i e l d s  a r e  d e r i v e d  f o r  conduct ive  
l i q u i d s  wi th  c o n s t a n t  s u r f a c e  t e n s i o n .  I n  a uniform 
f i e l d ,  t h e  shapes  which r e y l t  a r e  rounded cones.  The 
d imens ionless  q u a n t i t y  E E b /o ,  where b is  t h e  r a d i u s  

of t h e  h o l e  sur rounding  t h e  meniscus and a is t h e  s u r -  
f a c e  t e n s i o n ,  is a key parameter i n  t h e  models. 

INTRODUCTION 

Many modern a p p l i c a t i o n s  of e l e c t r o s t a t i c s  i n v o l v e  
t h e  manipula t ion  of l i q u i d  d r o p l e t s  o r  s u r f a c e s .  I n  
a p p l i c a t i o n s  such  a s  l i q u i d  t o n e r  e lec t rophotography 
and ink  j e t  p r i n t i n g ,  t h e  a b i l i t y  t o  c o n t r o l  p r e c i s e l y  
a l i q u i d  s u r f a c e  would be v a l u a b l e .  The i s s u e  of how 
a s t a t i c  l i q u i d  s u r f a c e  i n t e r a c t s  wi th  a n  e l e c t r i c  
f i e l d  is germane t o  t h e s e  a p p l i c a t i o n s .  The s t a t i c  
c a s e  can provide  i n s i g h t  i n t o  t h e  e f f e c t s  of s u r f a c e  
t e n s i o n  and geometr ica l  parameters .  I t  can r e v e a l  t h e  
c o n d i t i o n s  under which e l e c t r o s t a t i c  f o r c e s  dominate. 
I n  p a r t i c u l a r ,  i t  is well known t h a t  a t  some c r i t i c a l  
f i e l d  s t r e n g t h ,  a l i q u i d  s u r f a c e  becomes u n s t a b l e  and 
emits d r o p l e t s  o r  j e t s  of charged f l u i d .  S o l u t i o n s  
f o r  t h e  s t a t i c  c a s e  should  be  u s e f u l  i n  p r e d i c t i n g  t h i s  
s t a b i l i t y  l i m i t .  

An e a r l y  a t tempt  t o  t a k e  advantage of such  e l e c -  
t r o h y d r o s t a t i c  f i e l d  e f f e c t s  was expla ined  i n  t h e  semi- 
n a l  e l e c t r o s t a t i c  ink j e t  p a t e n t  by Winston [ l ] .  There ,  
an e l ec t r i c  f i e l d  was t o  draw l i q u i d  from an o r i f i c e  
and d i r e c t  i t  toward a paper t a r g e t .  Soon a f t e r w a r d ,  
Taylor  [2] p r e s e n t e d  an a n a l y s i s  of t h e  e l e c t r o h y d r o s t a -  
t i c  s t a b i l i t y  l i m i t  of a p a r t i c u l a r  l i q u i d  s u r f a c e  
shape. He demonstrated t h a t  a cone was a p o s s i b l e  
meniscus shape  under s p e c i f i c  e l e c t r i c  f i e l d  geometr ies ,  
b u t  t h a t  only one p a r t i c u l a r  c o n i c a l  shape met a l l  
boundary c o n d i t i o n s .  This  ItTaylor conet1 of apex a n g l e  
98.3" has  been approached i n  v a r i o u s  experiments [2] ,  
[3]. Davey and Melcher [4 l  examined t h e  behavior  of 
f l a t  s u r f a c e s  under t h e  i n f l u e n c e  of e l e c t r i c  and mag- 
n e t i c  f i e l d s .  J o f f r e  and h i s  coworkers [31, [SI, s t u d -  
i e d  t h e  e f f e c t  of e l e c t r i c  f i e l d s  on meniscus shape. 

I n  t h e  work of J o f f r e ,  bo th  t h e o r e t i c a l  and exper- 
imenta l  r e s u l t s  f o r  meniscus shapes  i n  e l e c t r i c  f i e l d s  
a r e  p r e s e n t e d .  The e l e c t r o s t a t i c  and h y d r o s t a t i c  equa- 
t i o n s  a r e  so lved  s imul taneous ly  t o  p r e d i c t  meniscus 
shape. The maximum meniscus e x t e n s i o n  is  p r e s e n t e d  a s  
a f u n c t i o n  of v o l t a g e ,  s u r f a c e  t e n s i o n ,  h y d r o s t a t i c  
p r e s s u r e ,  o r i f i c e  d iameter ,  and e l e c t r o d e  spac ing  f o r  
a tube-plane geometry. While t h e  shape of a meniscus 
is t r e a t e d  i n  [31, t h e  i s s u e  of s u r f a c e  i n s t a b i l i t y  
and i t s  r e l a t i o n  t o  f l u i d  p r o p e r t i e s  is  covered only  
b r i e f l y ,  and t h e  breakdown l i m i t  of t h e  a i r  sur rounding  
t h e  meniscus is  n o t  taken  i n t o  account .  The b a s i c  
q u e s t i o n  of whether a n  e l e c t r i c  f i e l d  is s t r o n g  enough 
f o r  a c t i v e  c o n t r o l  of a l i q u i d  s u r f a c e  is n o t  addressed .  

The o b j e c t i v e  of t h e  p r e s e n t  s t u d y  is t o  ex tend  
t h e  work of J o f f r e  i n  o r d e r  t o  g a i n  i n s i g h t  i n t o  p r a c -  

' T h i s  work was suppor ted  by a g r a n t  from T e k t r o n i x ,  
I n c . ,  Beaverton, Oregon. 

t i c a l  a s p e c t s  of meniscus e l e c t r o h y d r o s t a t i c s .  Of 
s p e c i a l  i n t e r e s t  is t h e  way i n  which f l u i d  parameters  
i n f l u e n c e  t h e  f i e l d s .  

ELECTROHYDROSTATIC FIELD THEORY 

When an e l e c t r i c a l l y  conduct ive  l i q u i d  i s  exposed 
t o  an e l e c t r i c  f i e l d ,  t h e  f i e l d  w i l l  b e  normal t o  t h e  
l i q u i d  s u r f a c e  and w i l l  e x e r t  an a t t r a c t i v e  f o r c e  on 
t h a t  s u r f a c e .  Maxwell 's stress t e n s o r  [6] can  b e  used 
t o  e x p r e s s  t h e  f o r c e  per  u n i t  a r e a  a s  a p r e s s u r e  Pe  = 

cE2/2, where E is t h e  p e r m i t t i v i t y  of t h e  f l u i d  i n  t h e  
e l ec t r i c  f i e l d  gap, and E is  t h e  e l e c t r i c  f i e l d  a t  t h e  
l i q u i d  s u r f a c e .  Under s t a t i c  c o n d i t i o n s ,  t h i s  e l ec t r i c  
p r e s s u r e  must ba lance  any h y d r o s t a t i c  p r e s s u r e  i n  t h e  
l i q u i d ,  t h e  l i q u i d  s u r f a c e  t e n s i o n  f o r c e s ,  and any 
o t h e r  f o r c e s .  The problem is t o  f i n d  t h e  meniscus 
shape cor responding  t o  such  a f o r c e  ba lance  and iden- 
t i f y  t h e  a s s o c i a t e d  f i e l d s .  

Approach t o  t h e  Problem 

S u r f a c e  t e n s i o n  f o r c e s  can be  expressed  i n  terms 
of c u r v a t u r e .  A d i f f e r e n t i a l  e q u a t i o n  is d e r i v e d  f o r  
t h e  c u r v a t u r e  of a meniscus,  under t h e  i n f l u e n c e  of 
some g iven  e l ec t r i c  p r e s s u r e  and h y d r o s t a t i c  p r e s s u r e .  
The e l e c t r o s t a t i c  equat ion  has  t h e  e q u i p o t e n t i a l  c o r r e -  
sponding t o  t h e  p o s i t i o n  of t h e  meniscus a s  one boundary 
c o n d i t i o n .  These two e q u a t i o n s  must be s o l v e d  simul- 
taneous ly  t o  y i e l d  a s e l f - c o n s i s t e n t  r e s u l t  f o r  t h e  
meniscus shape. 

Assumptions a r e  a s  f o l l o w s :  

The only  f o r c e s  a c t i n g  on t h e  meniscus a r e  s u r f a c e  
t e n s i o n ,  h y d r o s t a t i c  p r e s s u r e ,  and e l e c t r i c  pres -  
s u r e .  

_- 

-- The meniscus is  completely s t a t i o n a r y ,  and t h e r e  
is  no i n t e r n a l  l i q u i d  motion. 

-- S u r f a c e  t e n s i o n  is assumed t o  be a known c o n s t a n t ,  
a s  is any a p p l i e d  h y d r o s t a t i c  p r e s s u r e .  

-_ A s i n g l e  v a l u e  of h y d r o s t a t i c  p r e s s u r e  is  assumed 
a t  a l l  meniscus p o i n t s .  

-- S i n g u l a r i t i e s  i n  t h e  e l e c t r i c  f i e l d  a r e  n o t  per -  
m i t t e d .  T h i s  is expressed  i n  t h e  method by 
r e q u i r i n g  t h a t  t h e  meniscus have a non-s ingular  
c u r v a t u r e  i n  a l l  d i r e c t i o n s .  

S u r f a c e  Force  Balance 

F i g u r e  1 shows t h e  geometry of a n  element of a 
meniscus s u r f a c e .  The y a x i s  cor responds  t o  t h e  v e r t -  
ical  d i r e c t i o n .  I n  t h e  F i g u r e ,  fnet is  t h e  n e t  f o r c e  

from e l ec t r i c  f i e l d s  and h y d r o s t a t i c  p r e s s u r e .  S u r f a c e  
t e n s i o n  c r e a t e s  f o r c e s  i n  each of t h e  f o u r  d i r e c t i o n s  
a long  t h e  s u r f a c e .  I n  t h e  s t a t i c  c a s e ,  each component 
of t h e  f o r c e s  must ba lance .  The v e r t i c a l  b a l a n c e  l e a d s  
t o  

The form OP terms f i n  ( 1 )  is well known: s u r f a c e  
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Figure 1. A Differential Element of a Meniscus 

tension multiplied by the three-dimensional curvature 
( l / R 1  + 1/R2) and the element area gives this opposing 
force. Thus a pressure balance corresponding to the 
force can also be written as 

1 1  

1 
Pnet = - o ( r  + 5)  

where R1 is the radius of curvature along one tangent 
direction and R2 is the radius of curvature along the 
direction normal to that of R . Equation (2) suggests 
a normalized pressure term bnetR/u, where o/R is a 
“surface tension pressure.” This dimensionless ratio 
would represent the relative strength of electric for- 
ces in comparison with surface tension if Pnet were 
equal to P e’ 

Any externally applied hydrostatic pressure will 
manifest itself directly at the meniscus. Therefore, 
the net pressure Pnet is given as 

where P (x,y,z) is the electric pressure at any point, 
and Pstat is some imposed hydrostatic pressure. Let 
P be normalized as P F(x,y,z), where Pemax is the 
highest electric field in the system (generally at the 
tip of the meniscus). The fnnction F(x,y,z) is a “dis- 
tribution functiontt such that 0 < F < 1 :  F represents 
the geometric dependence of P Equations (2) and (3)  

emax 

e’ 
represent very general relationships which must be 
satisfied in any static case. 

If the meniscus is immersed in a homogeneous die- 
lectric of permittivity E, the electrostatic potential 
I$ is given by 

VL$ - 0 ( 4 )  

so that at any point on the meniscus, 

Equations (2) and (5) must be solved simultaneously to 
yield meniscus shape. The aolution is performed iter- 
atively, as described below. 

Let us examine two simple geometries to check the 
basic validity of the force balance equations. In the 
case of a meniscus confined to a circular orifice of 
radius b, it is well known that a particular value of 
uniform static pressure Pstat will produce a meniscus 
which is a section of a sphere with radius r 2 b. The 
pressure balance becomes 

~ 
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1 = - o(;r+ > 
’stat 

which gives Pr/o = 2. This is indeed the correct ex- 
pression for tension in the skin of a thin-walled 
spherical vessel, as can be found in any standard 
mechanics text C71. A second case is that of a cone, 
as in Figure 2. Curvature 1 / R ,  is zero, while radius 

Figure 2. Geometry of a Conical Meniscus 

R is a constant times x. The pressure balance becomes 2 
( 7 )  1 

‘e + pstat = - U(E) 

In the case of Pstat = 0, this implies that a cone is 
possible when Pe a l/x, which coincides with Taylor’s 
results 121. It is interesting to notice that at the 
tip of the cone, both curvature and electric field will 
be infinite. In principle, the two can balance out, 
although such a situation would not be realistic. 

A General Sample Case 

Consider a fairly general problem: a meniscus, in 
air, confined to a circular hole of radius b in one 
plate of a large parallel plate capacitor, as shown in 
Figure 3. 

+V 

permittivity 
“0 surface 

tension 
Q 

- U 

Figure 3. Axisymmetric Meniscus in Uniform Field 

The problem has axial symmetry, and also has a rela- 
tively simple field geometry. The meniscus can be de- 
fined by a curve in the x-y plane, with equation y = 
f(x). In spherical coordinates, the curve has an 
equation r - g(8). Surface curvature can be written 
in spherical coordinates as C81 

2 
1 2 (el2- $&,, + L[l - dr/dO dr IC1 + ( S I  1 r tan 8 c;;+ - 

r3 de r c-18~ . _ _  



minimum o r i f i c e  r a d i u s  which w i l l  permi t  e l e c t r o s t a t i c  
f i e l d s  t o  cause  a flow. For  example, i n  t h e  p u r e  
e l e c t r o s t a t i c  c a s e  w i t h  P = 0,  t h e  minimum o r i f i c e  
r a d i u s  is 4.050/39.8, wI%& is t a b u l a t e d  f o r  t h r e e  
l i q u i d s  i n  Table  I .  The minimum r a d i i  a r e  more l i k e  

TABLE I 

MINIMUM ORIFICE R A D I I  FOR ELECTROSTATIC LIQUID 
EJECTION I N  A I R ,  Pstat = 0 

L i q u i d  S u r f a c e  t e n s i o n ,  N/m minimum 

water 0.072 7.32 mm 

methanol  0.022 2.24 mm 

e t h y l e n e  g l y c o l  0.048 4.88 mm 

p i p e  s i z e s  t h a n  l i k e  ink j e t  o r i f i c e  r a d i i .  For water, 
t h e  d iameter  is more t h a n  1/2"! 

C l e a r l y ,  t h e r e  is  a p r a c t i c a l  problem w i t h  e x c l u s -  
i v e l y  e l e c t r o s t a t i c  meniscus c o n t r o l .  Consider  i n s t e a d  
t h e  c a s e  where a h y d r o s t a t i c  p r e s s u r e  is a l s o  a p p l i e d  
t o  t h e  l i q u i d .  Then t h e  e l e c t r i c  f i e l d  is an " e j e c t i o n  
a i d t r  r a t h e r  t h a n  t h e  s o l e  c o n t r o l l i n g  f o r c e .  For  ex- 
ample, i f  Pstatb/o is s e t  t o  1.97 ( n e a r  t h e  h y d r o s t a t i c  

s t a b i l i t y  l i m i t ) ,  a r a t i o  Pemaxb/o of only 0.058 w i l l  

c r e a t e  i n s t a b i l i t y .  Table  I1 shows t h e  maximum Pemax 

b / o  f o r  which convergence could  b e  a c h i e v e d ,  a t  f o u r  
d i f f e r e n t  v a l u e s  of Pstatb/o.  Also given  a r e  t h e  c o r -  

responding  i n i t i a l  ( z e r o - f i e l d )  meniscus h e i g h t s  and 
t h e  h e i g h t s  a t  t h e  convergence l i m i t ,  normal ized  t o  
r a d i u s  b.  Meniscus shapes  f o r  t h e  t h r e e  nonzero Pstat 
c a s e s  a r e  shown i n  F i g u r e  5. 

TABLE I1 

M I N I M U M  Pemaxb/a FOR ELECTROSTATIC L I Q U I D  EJECTION 
I N  A I R ,  Pstat * 0 

Pstatb/o Pemaxb/o a t  I n i t i a l  Height  a t  

s t a b i l i t y  l i m i t  h e i g h t  s t a b i l i t y  l i m i t  

0.0 4.05 0.0 0.54 
1 .15 1.72 0.315 0.75 
1.73 0.51 0.577 0.88 
1.97 0.058 0.839 0.97 

I n  F i g u r e  6, t h e  l i m i t i n g  Pemaxb/o v a l u e s  are 
p l o t t e d  v e r s u s  Pstatb/o. The dashed l i n e  is a l i n e a r  

i n t e r p o l a t i o n  between t h e  d a t a  p o i n t s .  The shaded  
r e g i o n ,  f o r  which t h e  menicus shows s t a t i c  s t a b i l i t y ,  
can  b e  summarized s imply  a s  

< 2 .  ' s t a t b  'emaxb - + -  
U 20  

Minimum o r i f i c e  s i z e s  can  b e  d e r i v e d  from t h e  l i m i t i n g  
v a l u e  of Pemaxb/a as b e f o r e .  T a b l e  111 lists minimum 

o r i f i c e  r a d i i  f o r  i n s t a b i l i t y  a t  v a r i o u s  Pstatb/o v a l -  

u e s ,  f o r  t h e  l i q u i d s  of Table  I .  The maximum t o l e r a b l e  
v a l u e  of s u r f a c e  t e n s i o n  p r e s s u r e  is  a l s o  t a b u l a t e d .  

The P h y s i c a l  Experiment 

470 pm from a b a c k p l a t e .  The n o z z l e  is h e l d  600 um 
Prom a f l a t  f i e l d  p l a t e .  The b a c k p l a t e  is 

b \ 

X 
n 

E 
a, a 

0 .o 0.2 0.4 0.6 0.8 1 .o 
Normalized r ad ius  

F i g u r e  5. Meniscus Shapes a t  S t a b i l i t y  L i m i t  

4 

3.5 

3 

2.5 

2 

1 .5 

1 

0.5 

0 
0 0.4 0.8 1 1.2 1.6 2 

Ps t a t b/u 
F i g u r e  6. S t a b i l i t y  Regimes 

TABLE I11 

M I N I M U M  ORIFICE R A D I I  FOR ELECTROSTATIC L I Q U I D  
EJECTION IN A I R ,  Pstat f 0 

Pstatb/o Pemaxb/o o/b ( P a )  minimum r a d i u s  (m) 
a t  s t a b i l i t y  a t  a i r  e t h y l e n e  

breakdown water  g l y c o l  methanol  

0.0 4.05 9.8 7.2 4.8 2.2 
0.5 3.0 13.3 5.4 3.6 1.7 
1 .o 2.0 19.9 3.6 2.4 1.1 
1.15 1.72 23.4 3.1 2.07 0.94 
1.5 1 .o 39.8 1.8 1.21 0.55 
1.73 0.51 78.1 0.923 0.62 0.28 
1.97 0.058 685. 0.105 0.070 0.032 

approximate ly  1 mm Prom t h e  f i e l d  p l a t e .  The f i e l d  
p l a t e  h a s  a 400 pm h o l e  o p p o s i t e  t h e  n o z z l e  t o  c a t c h  
any l i q u i d  j e t t i n g  from t h e  meniscus.  The n o z z l e  is 
h e l d  a t  ground p o t e n t i a l ,  w h i l e  t h e  f i e l d  p l a t e  is 
s u p p l i e d  from a h i g h  v o l t a g e  s o u r c e  through a c u r r e n t  

The s e t u p  c o n s i s t s  of a small s t a i n l e s s  s t e e l  
n o z z l e ,  w i t h  o u t s i d e  d iameter  230 m, which p r o t u d e s  

1549 



By r e a r r a n g i n g  terms and s u b s t i t u t i n g  t h e  b a l a n c e  r e l a -  
t i o n  from ( 2 )  above, (8 )  becomes 

where p i s  t h e  normal ized  r a d i u s  r / b .  A l l  p h y s i c a l  
parameters  a r e  r e f l e c t e d  i n  t h e  d i m e n s i o n l e s s  r a t i o s  

b / o  and P b / a .  
Unfortuna%?$, ( 9 )  is of second o r d e r ,  s o  t h a t  'emax 

t h e  boundary c o n d i t i o n  which r e q u i r e s  t h e  meniscus t o  
c o n t a c t  t h e  e l e c t r o d e  s u r f a c e  does not  f u l l y  s p e c i f y  
t h e  problem. A second c o n d i t i o n  is t h e  requi rement  of 
n o n s i n g u l a r  c u r v a t u r e ,  which i m p l i e s  t h a t  dp/d8 = 0 a t  
t h e  axis ( i . e .  t h e  meniscus h a s  a h o r i z o n t a l  t a n g e n t  
p l a n e  a t  i ts t i p ) .  The two c o n d i t i o n s  are awkward, 
s i n c e  t h e y  a r e  s p e c i f i e d  a t  a d i f f e r e n t  l o c a t i o n s .  To 
cope w i t h  t h e  d i f f i c u l t y ,  a s o - c a l l e d  s h o o t i n g  method 
iJas used:  a v a l u e  of dp/d8 a t  t h e  meniscus edge is 
Guessed. Equat ion  ( 9 )  is t h e n  s o l v e d  i t e r a t i v e l y  u n t i l  
dp/d8 = 0 a t  t h e  a x i s  x = 0. 

FIELD SOLUTIONS FOR SAMPLE CASE 

B a s i c  I t e r a t i v e  Procedure  

The e l e c t r i c  f i e l d  f u n c t i o n  F ( 8 )  i n  (9 )  is ,  of 
c o u r s e ,  a l s o  a f u n c t i o n  of s h a p e ,  so  t h a t  (9 )  is an  
i m p l i c i t  e q u a t i o n .  For  i t e r a t i v e  s o l u t i o n ,  t h e  prob-  
lem i s  d i s c r e t i z e d  and t h e  f o l l o w i n g  procedure  is used: 

1. 

2 .  

3. 

4. 

5. 

6 .  

For a g i v e n  P s ta t ,  f i n d  t h e  meniscus shape  f o r  

Pe = 0.  T h i s  meniscus i n t e r s e c t s  t h e  p l a t e  w i t h  

a d e f i n i t e  c o n t a c t  a n g l e  ac, which g i v e s  a t e n -  

t a t i v e  v a l u e  f o r  dp/d8 a t  t h e  meniscus edge. 

Given t h e  meniscus s h a p e ,  s o l v e  t h e  Laplace  equa- 
t i o n  and f i n d  t h e  normal ized  e l e c t r i c  p r e s s u r e  
F ( 8 )  a t  s u r f a c e  p o i n t s .  A s t a n d a r d  f i n i t e  e lement  
package ,  ANSYS (Swanson A n a l y s i s  Systems I n c . )  was 
used f o r  t h e  r e s u l t s  p r e s e n t e d  h e r e .  

Perform a f o u r t h - o r d e r  polynomial  f i t  t o  t h e  
f i n i t e  e lement  r e s u l t s  i n  o r d e r  t o  o b t a i n  a con- 
t i n u o u s  f u n c t i o n  which r e p r e s e n t s  t h e  e l e c t r i c  
p r e s s u r e  a long  t h e  s u r f a c e .  

I n t e g r a t e  (9) w i t h  t h e  f o u r t h - o r d e r  Runge-Kutta 
method t o  f i n d  a t e n t a t i v e  meniscus o u t l i n e  curve .  

A s  d e s c r i b e d  above, t h e  n o n s i n g u l a r  f i e l d  assump- 
t i o n  r e q u i r e s  t h a t  dp/d0 = 0 a t  t h e  y a x i s .  I f  

this Pemax b?sndd2d O?e$at %%e %%bgr%?i%%t okh$t&?t 3. 
T h i s  is t h e  i t e r a t i v e  p r o c e s s  f o r  s o l v i n g  (9 ) ,  as 
d e s c r i b e d  above. Contac t  a n g l e  ac w i l l  be  d i f -  
f e r e n t  from t h e  i n i t i a l  v a l u e .  

I f  t h e  shape  has  changed very  l i t t l e ,  assume t h a t  
a s o l u t i o n  h a s  been found.  Otherwise ,  r e t u r n  t o  
s t e p  2. 

The f i n a l  r e s u l t  is a meniscus shape  cor responding  t o  
a chosen v a l u e  of Pstatb/o and a s p e c i f i c  v a l u e  of 

'emaxb/' * 

R e s u l t s  

When Pemaxb/o is  z e r o ,  a s t a b l e  meniscus w i l l  form 
whenever 

0 < Pstatb/o < 2 (10) 

To test t h e  numer ica l  methods,  a v a l u e  of Pstatb/o was 

se t ,  and an  e r roneous  c o n t a c t  a n g l e  ac was used t o  

begin  t h e  i t e r a t i o n  scheme. I n  a l l  c a s e s ,  meniscus 
shape  converged t o  t h e  c o r r e c t  s p h e r i c a l  s e c t i o n .  

A more i n t e r e s t i n g  c a s e  a p p e a r s  when Pstatb/o is 

z e r o .  Then t h e  shape  is determined  only by t h e  e l e c -  
t r i c  f i e l d  v a l u e  Pemaxb/o. Shapes f o r  s e v e r a l  v a l u e s  

of Pemaxb/a are shown i n  F i g u r e  4 .  N a t u r a l l y ,  t h e  

9 
0 

'cr 
0 

e 
0 

0 

asymptotic 
cone 

2 

1 
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F i g u r e  4 .  Meniscus Shape O u t l i n e s  w i t h  Pstat = 0.  

h i g h e r  t h e  f i e l d ,  t h e  more t h e  meniscus e x t e n d s  from 
t h e  o r i f i c e .  Above Pemaxb/o = 4.05, convergence could  

n o t  b e  achieved..  Presumably,  t h i s  cor responds  t o  t h e  
s u r f a c e  s t a b i l i t y  l i m i t :  i f  t h e  r a t i o  exceeds  4.05, 
l i q u i d  s h o u l d  b e  e j e c t e d  from t h e  s u r f a c e .  

I n s t a b i l i t y  i n  t h e  numer ica l  s o l u t i o n  i s  r e l a t e d  
t o  t h e  appearance  of r e v e r s e  c u r v a t u r e  of t h e  meniscus.  
I f  more i t e r a t i o n s  a r e  performed,  t h e  meniscus grows 
wi thout  bound. T h i s  is a psuedo-physical  p r o c e s s  i n  
which meniscus e x t e n s i o n  i n c r e a s e s  t h e  e l e c t r i c  f i e l d  
enhancement, and t h e  meniscus e x t e n d s  and s h a r p e n s  i ts  
c u r v a t u r e  i n  a t t e m p t i n g  t o  r e s t o r e  t h e  s t a t i c  b a l a n c e .  

I t  is i n t e r e s t i n g  t h a t  a r a t i o  of 4.05 is f a r  
h i g h e r  t h a n  t h e  l i m i t i n g  r a t i o  of Pstatb/o: a meniscus 

can s u p p o r t  t w i c e  a s  much peak  e l e c t r i c  p r e s s u r e  a s  
h y d r o s t a t i c  p r e s s u r e  because  t h e  e l e c t r i c  p r e s s u r e  is 
n o t  uniform.  N o t i c e  t h a t  whi le  t h e  s o l u t i o n  a p p e a r s  
t o  approach a c o n i c a l  shape ,  i t  is st i l l  q u i t e  rounded. 
The a s y m p t o t i c  cone shown i n  F i g u r e  4 has  an  apex a n g l e  
of 122O -- q u i t e  d i f f e r e n t  from t h e  Taylor  cone. T h i s  
might be caused by t h e  t r u n c a t e d  cone i n  a uniform 
f i e l d ,  which d i f f e r s  from T a y l o r ' s  system of an  i n f i -  
n i t e  cone i n  a p r o p e r l y  chosen f i e l d .  I t  might a l s o  
r e f l e c t  T a y l o r ' s  s t a t i c  r e s u l t s :  he n o t - i c e d  t h e  98.6O 
cone only  when t h e  meniscus was a c t u a l l y  i n  mot ion ,  
and saw s h a l l o w e r  a n g l e s  on s t a t i o n a r y  m e n i s c i .  

For a g i v e n  P stat, t h e  maximum s t a b l e  meniscus 

h e i g h t  c a s e  has  a cor responding  v a l u e  of Pe ../bo which 
can b e  regarded  a s  t h e  minimum n e c e s s a r y  T o  p u l l  o u t  
d r o p l e t s  from t h e  meniscus.  Assuming t h a t  E cannot  
exceed t h e  a tmospher ic  breakdown s t r e n g t h  of about  3 

12 MV/m, Pemax cannot  exceed eo (9.10 ) /2,  or 39.8 Pa. 

Given t h e  minimum P b / o ,  w i t h  Pemax l i m i t e d  t o  t h e  

breakdown l e v e l  Pebk = 39.8 Pa, t h i s  i m p l i e s  a minimum 
emax 

b / o  r a t i o  t o  r e a c h  i n s t a b i l i t y ,  or c o n v e r s e l y  a maximum 
o/b ( s u r f a c e  t e n s i o n  p r e s s u r e )  t h a t  can be t o l e r a t e d  
w i t h o u t  f low.  For a s p e c i f i c  l i q u i d ,  t h i s  l e a d s  t o  a 

1550 



l i m i t i n g  r e s i s t o r .  An a n t i - w e t t i n g  agen t .  Rain-X ( a  
r e g i s t e r e d  t rademark of Unelko Corp.,  S c o t t s d a l e ,  
Ar i zona ) ,  is a p p l i e d  t o  t h e  o u t s i d e  of t h e  n o z z l e  in 
o p e r a t i o n .  The meniscus is  obse rved  and photographed 
th rough  a long-working-dis tance s tereo microscope.  A 
photograph of a meniscus and t h e  s e t u p ,  t aken  a t  50X 
m a g n i f i c a t i o n ,  appea r s  a s  F i g u r e  7 .  

F i g u r e  7 .  Photograph of Experimental  S e t u p  a t  50X 

A p r e l i m i n a r y  experiment  was performed wi th  meth- 
anal. The methanol  was f i l t e r e d  t o  avo id  c ioggi f lg  t h e  
nozz le .  The accep ted  v a l u e  of s u r f a c e  t e n s i o n  is  0 . 0 2 7  

N/m, and d e n s i t y  i s  790 k g / m 3 .  The Liquid is s u p p l i e d  
t o  t h e  nozz le  from a small r e s e r v o i r .  Pstat i s  con- 

t r o l l e d  by a d j u s t i n g  t h e  r e s e r v o i r  h e i g h t .  For methanol 
w i th  t h i s  n o z z l e ,  t h e  s u r f a c e  t e n s i o n  p r e s s u r e  o l b  is  
'190 Pa. The expected h y d r o s t a t i c  l i m i t  i s  t w i c e  t h e  
s u r f a c e  t e n s i o n  p r e s s u r e ,  o r  380 ? a .  The p r e s s u r e  head 
of a methanol  Zolumn is  7 .75  ?a/", which i m p l i e s  a 
h y d r o s t a t i c  l inni t  for t h i s  nozz le  3f 149 mm head .  The 
measured v a l u e  of 50 + 2 mm i s  in good igreement w i t h  
t h i s .  

in t h i s  Case, t h e  breakdown p r e s s u r e  r a t i o  i i n i t  
Pebkb'o = 0.2:. From t h e  g raph  of F igu re  6 ,  t h i s  

shou ld  r e q d i ? e  Pstatb/o of 1 . 8 ,  o r  P of 340 ? a  s t a t  
( 4 4 . 1  mm hendj  i n  order  t o  d e s t a b i l i z e  t h e  meniscus 
e l e c t r i c a l l y .  Actua l  r e s u l t s  showed t h a t  a suddsn 
a p p l i e d  v o l t a g e  s f  2 . 0  kV was a b l e  t o  d e s t a b i l i z e  t h e  
meniscus u i t h  d head a s  h w  as  29 mm, s i g n i f i c a n t l y  
l e s s  t h a n  t h e  expected v a l u e .  V i b r a t i o n ,  w e t t i n g  of 
t h e  o u t s i d e  of t h e  nozz le ,  or  n o n u n i f o r m i t i e s  i n  t h e  
nozz le  t i ?  cou ld  c o n t r i b u t e  t o  t h e  d i sc regancy .  For 
example,  t h e  Rain-X c o a t i n g  apgea r s  t o  be compromised 
a f t e r  i t  is we t t ed  by methanol .  The r e s u l t s  a l s o  showed 
t h a t  a nea r -con ica l  meniscus c o , i l d  b e  achieved a t  very  
h igh  f i e l d s ,  ,al though t h e  t i p  'was s o  f i n e  t h a t  i t  i s  
no t  c i e a r  whether t h e  shape  'was s t a t i c  o r  i nvo lved  a 
ve ry  f i n e  j e t  f l o w .  

CONCLUSI l?N 

I m p l i c a t i o n s  of T h e o r e t i c a l  R e s u l t s  

i l a r  
c a n t  

-- 

_ -  

I n  t h e  c o n t e x t  of an  e l e c t r o s t a t i c  ink  j e t  o r  sim- 
a p p l i c a t i o n ,  t h e  above r e s u l t s  g i v e  sone  s i g n i f i -  
i n s i g h t s  i n t o  des ign  pa rame te r s :  

S u r f a c e  f o r c e s  o b t a i n e d  w i t h  e l e c t r o s t a t i c  f i e l d s  
:%re smal l ,  w i th  e l e c t r i c  pressu l -es  beiow about  43 

N / m 2 .  

E l e c t r i c  f i e l d  f o r c e s  a r e  ba lanced  by s u r f a c e  t e n -  
s i o n .  The lower t h e  s u r f a c e  t e n s i o n ,  t h e  ea s i e r  
i t  is t o  app ly  e l e c t r o s t a t i c  f o r c e s .  

_ -  Water i s  no t  a good c h o i c e  f o r  work i ig  f l u i d  i.1 
an  e l e c t r o s t a t i c  l i q u i d  c o n t r o l  a o p ; i c a t i c i  because  
of :ts h i g h  s u r f a c e  t e n s i o n .  Alcohols  9ave vucn 
lower  s u r f a c e  t e n s i o n ,  and shou ld  3;. ?. 5 c t t e r  
3hoi  ce .  

-- E l e c t r i c  f o r c ? s  S e n e f i t  f r o n  a hydrost<: : -  h ; i s  
forme, s e t  t o  a l i o w  a small ? l L e c t r o s t z t ; c  fgr"*: 
to overcome s u r f a c e  t e n s i o n .  The requL-ed i y r i r o -  
s t a t , i c  heads  a r e  "1:. F o r  exzr ,? le ,  ?letdhano: 
o p e r a t i n g  from an  o r i f i c e  wi tk  b = 3.29 mm and 
Pstatb/o = 1 . 7 3  r e q u i r e s  s t a t i c  pi-essu:'? ~f '36 

N / m 2 ,  which means a head of 1 .75 CTI of mpthano:. 

F u t u r e  Work 

Ext.?nsive ex?-r iments  W i i i  b e  performed to % e s t  
t h e  t h e o r e t i c a l  r e s u l t s .  The static ?<?se i s  a prn l - sde  
t o  more zomprehensive dynamic r e s u l t s .  T i e  e f f e c t s  of 
j e t  f l o w s ,  meniscus v i b r a t i o n s ,  and dynamic e i Q c t r +  
f i e l d  p u l s e s  n ? l  n.eed t o  b e  s t , l d i e d  f o r  i n s l g h t  i q t o  
p r a c t i c a l  a p p l i c a t i o n s  of e : e c t r o s t a t i c  n e  
t r o l .  

4n e l e c t r i c  f i e l d  can  c o n t r o l  a ! iqu iq  x e n i s c u s  
under c e r t a i n  c o n d i t i o n s .  Wher. c o n t r o l  i s  perfc.rv.p\i 
i n  a i r ,  on ly  l i m i t e d  f o r c e s  can b e  o b t a i n e d .  'Tqess 
;ow f o r c e s  r e q u i r e  an  added h y d r o s t a t i c  p r ? ; s u r n  :n 
o r d e r  t s  c a u s e  s u r f a c s  i n s t a b i l i t y .  

a r e  S e t t - r  f o r  c o n t r o i  a p p l h a ' i 9 n s  t m n  wate r .  
Loij s u r f a c e  tension l i q u i d s ,  su-h i s  
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